We present a macroscopic portfolio model which considers the time evolution of the stock price and the investments in bonds and stocks. The asset allocation between bonds and stocks is determined by an combination of a fundamentalist or chartist strategy. The stock price is determined by the inflow or outflow of stock investments. The model is able to replicate the most prominent features of financial markets, namely booms and crashes. In the case of random fundamental prices the model is even able to reproduce fat tails in logarithmic stock price return data. We want to point out that we derive the model from microscopic agent dynamics. On the microscopic level each financial agent is faced with an optimization problem, where each agent seeks to find a Nash equilibrium solution. We use model predictive control to approximate the control problem. This allows us to give a precise mathematical definition of rational and bounded rational financial agents. Moreover the approximation scheme of the microscopic optimal control problem gives a natural connections between rational and bounded rational agents. In fact the model can be regarded as the result of the simplest approximation of the optimal control problem and thus considers financial agents of maximum boundedness. Mathematically, the model can be regarded as the moment model of the recently introduced mesoscopic kinetic portfolio model [37] .
Introduction
For many years the Efficient Market Hypothesis (EMH) by Eugene Fama [14] has been the dominant paradigm for modeling asset pricing models. Many famous theoretical models in finance such as Merton's optimal portfolio model [30] or the Black and Scholes model [18] presume the correctness of the EMH. In the past years there has been a shift from rational and representative financial agents to bounded rational and heterogeneous agents [17] . The former notion of agents is in agreement with the EMH, whereas the latter one contradicts the EMH and has to be understood in the sense of Simon [35] . The drift away from the EMH has been supported by several empirical studies [29, 22] and the financial crashes of the past decade [21, 2] .
Bounded rational agents are widely used in econophysical asset pricing models, particularly in agent-based-computational financial market models. These models usually consider a large number of interacting heterogeneous financial agents. These large complex systems are studied by means of Monte Carlo simulations. Major contributions are for example the Levy-Levy-Solomon [23] , Cont-Bochaud [11] and the Lux-Marchesi [27] model. The benefit of these models are first explanations for the existence of stylized facts, such as fat tails in asset returns or volatility clustering. They have even led to alternative market hypothesis, such as the adaptive market hypothesis by Lo [24] or the interacting agent hypotheses by Lux [27] as alternative to the EMH. The disadvantage of these agent-based asset pricing models are the impracticability to apply analytical methods. Furthermore, it has been shown in several studies that many agent-based models exhibit finite size effects [36, 13] .
Another popular approach are simple low dimensional dynamic asset pricing models which usually consider two types of financial agents. In most cases one agent follows a chartist strategy and the other a fundamental strategy. With a chartist strategy we mean an investor who bases his decision on technical trading rules, whereas a fundamentalist originates his investments from deviations of fundamentals to the stock price. These models are often formulated as two dimensional difference equations or as ordinary differential equations. They all have in common that the stock price equation is driven by the excess demand of financial agents. In comparison to agent-based models, these models can be regarded as macroscopic, since they consider aggregated quantities. In literature there are numerous models of that kind, for example by Beja and Goldman [3] , Day and Huang [12] , Lux [25] , Brock and Hommes [6, 7] , Chiarella [9] and Franke and Westerhoff [15] . These asset pricing models feature a rich body of complex phenomena, such as limit cycles, chaotic behavior and bifurcations. Economically, these models study for example the impact of behavioral and psychological factors such as risk tolerance on the price behavior. Furthermore, they discover the origins of stylized facts. More precisely they study the source of booms and crashes and excess volatility.
The financial agents are always modeled as bounded rational agents in the sense of Simon [35] and possess behavioral factors. The importance of psychological influences in agent modeling has been emphasized by several authors [34, 19, 26] . One may note that the precise form of agent demand is not established from microscopic dynamics and the connection to rational agents is unclear. Albeit the form of the agent demand in the models [7, 10] is derived by a mean-variance wealth maximization the expected stock return over bond return is modeled macroscopically. In addition, these models neglect the impact of wealth evolution on the agent demand.
We introduce a macroscopic portfolio model that can be derived from microscopic wealth dynamics. Furthermore, we formulate a model of rational agents on the microscopic level. Thus, each agent is faced with an optimal control problem in order to optimize their portfolio. More precisely each agent searches for Nash equilibria solutions. Starting with rational agents we apply model predictive control to approximate the optimization problem. This framework enables us to give a precise mathematical definition of boundedness of an investor and we obtain a natural connections between rational and bounded rational agents. In the case of maximum boundedness or in mathematical terms, the application of a best reply strategy on the optimization problem leads to our macroscopic portfolio model. More precisely the portfolio dynamics is divided in the time evolution of the two asset classes bonds and stocks.
We denote the shift of wealth from bonds to stocks as the aggregated excess demand. The aggregated demand is given by the return estimate of stock return over bond return and is multiplied with the corresponding wealth. The return estimate is a convex combination of a pure chartist or pure fundamental trading strategy. The weight is determined by an instantaneous comparison of the chartist and fundamental return estimate and is closely connected to the strategy change in the Lux-Marchesi model [27] . The stock price equation is then driven by the excess demand in agreement with the Beja-Goldman [3] or Day-Huang [12] model. The outline of this paper is as follows: First we consider microscopic agent dynamics. In fact, we first introduce a microscopic model of rational agents. As second step, we approximate the complex optimization problem and give a connection between rational and bounded rational agents. Then finally, we derive the macroscopic portfolio model in the case of fully bounded rational agents. In section 4 we study the qualitative behavior of our model. Thus, we discuss possible steady states and study the dynamics caused by a pure fundamental or pure chartist strategy. In the following section, we present numerous simulation results and analyze the impact of several model parameters. Finally, we give a conclusion and short discussion of our results.
Economic Microfoundations
We consider N financial agents equipped with their personal monetary wealth w i ≥ 0. We denote all microscopic quantities with small letters. The non-negativity condition means that no debts are allowed. This wealth is divided in the wealth invested in the asset class stocks x i (t) > 0 and the wealth invested in bonds y i (t) > 0. We neglect all other asset classes and assume that w i (t) = x i (t) + y i (t) holds. The time evolution of the risk-free asset is described by a fixed non-negative interest rate r ≥ 0 and the evolution of the risky asset by the stock return,
where S(t) is the stock price at time t and D(t) ≥ 0 the dividend. The agent can shift capital between the two assets. We denote the shift from bonds into stocks by u i . Thus, we have the dynamicsẋ
Notice, that u i determines the investment decision of agents and implicitly specifies the asset allocation between both portfolios. We still need to describe the time evolution of the stock price S. We define the aggregated demand ED N of all financial agents as the average of all investment decisions of the agents.
This aggregated demand of all financial agent is usually called excess demand and drives the stock price evolution. The excess demand is positive if the investors buy more stocks than they sell. Thus, the macroscopic stock price evolution is given bẏ
where the constant κ > 0 measures the market depth. This model for the stock price is commonly accepted [3, 12] . The ODE (1) can be interpreted as a relaxation of the well known equilibrium law, supply equals demand, dating back to the economist Walras [38] .
Microscopic Portfolio Optimization As in classical economic theory, u i will be a solution of a risk or cost minimization. The precise model of the objective function Ψ i (t) is left open at this point. We want to emphasize that Ψ i may depend on the stock price S and the wealth of the agent's portfolios. The agent tries to minimize the running costs
We consider a finite time interval [0, T ] and have added a penalty term that punishes transactions. The penalty term is necessary to convexify the problem but is also reasonable, because it describes transaction costs. The transaction costs are modeled to be quadratic which is a frequently used assumption in portfolio optimization [4, 32] . Hence, in summary, the microscopic model is given bẏ
The microscopic model is an optimal control problem. The dynamics are strongly coupled by the stock price in a non-linear fashion. In fact, it is impossible that all agents minimize their individual cost function since all agents play a game against each other. We are faced with a non-cooperative differential game. We choose the concept of Nash equilibria which will be explained in detail in the next section.
From Rational Agent to Bounded Rationality
As we have defined the microscopic portfolio model we want to specify different solution of (2d) with respect to their economic interpretation. We define the Nash equilibrium of a differential game.
Definition 1.
A vector of control functions t → (u * 1 , ..., u * N ) T is a Nash equilibrium for a differential game
in the class of open-loop strategies if the following holds. The control u * i provides a solution to the optimal control problem for player i:
with the dynamics (4).
This mathematical equilibrium concept enables us to give a precise definition of rationality in economics.
Definition 2. We denote any agent who computes the exact Nash equilibria of the system (2) a rational agent.
This definition fits to the economic theory of rationality [14, 29] , so each agent is aware of the correct dynamic and acts fully optimal in the context of Nash equilibria. We want to point out that in case of many agents, we have a large system of optimization problems (2). Such a system is very expensive to solve. Thus, not only from the perspective of behavioral finance but also from a pure computational aspect such a rational setting seems to be very unrealistic. Hence, we want to give a precise mathematical definition of so called bounded rational agents in the sense of Simon [35] . Definition 3. We denote any agent who computes a numerical approximation of the microscopic system (2) a bounded rational agent.
We approximate the objective functional (2d) by linear model-predictive control (MPC) [31, 8] . This methods approximates a finite horizon optimal control problem in two ways. First, one predicts the dynamics over a predict horizon T P ≤ T and secondly the control is only computed on a control horizon T C ≤ T P . Thus for an arbitrary initial timet the optimization (2d) is performed on [t,t + T p ]. Then the computed admissible controlū : [t,t + T p ] → R can be applied in order to evolve the state dynamics one further step e.g. of length ∆t > 0. For sure ∆t ≤ T c should hold in order to control the dynamics. Then the whole procedure is repeated with updated initial conditions att + ∆t and shifted prediction respectively control horizons until the final time horizon T is reached. For sure, we can only expect to obtain a sub-optimal strategy compared to the original model (2) . In order to apply MPC on our model we assume that T c = T p = p ∆t and T = M ∆t with M > p > 0 holds. In fact, we assume that the optimal control u * i is well approximated by piecewise constant controls of length ∆t on [t,t + M ∆t].
We choose the penalty parameter µ in the running costs to be proportional to the time interval so that µ = ν∆t for some ν. This can be motivated by checking the units of the variables in the cost functional (K is a rate, thus measured in 1/time, Ψ is wealth 2 /time, u wealth/time). We see that the penalty parameter µ must be a time unit. Furthermore, we insert the right-hand side of the stock price equation into the stock return. Thus, the semi-discretized constrained optimization problem on [t,t + p ∆t] reads
Thus, we can finally state a precise notion of bounded rationality in the context of MPC approximations.
Definition 4. Thanks to the MPC framework we can define the boundedness θ ∈ [0, 1] of an agent by:
where θ = 0 corresponds to a rational agent and θ = 1 is the maximum allowed boundedness in the MPC setting.
In fact a rational agent is obtained for θ = 0, which is only the case if T p = T and ∆t → 0 holds. A fully bounded rational agent (θ = 1) is obtained for T p = ∆t. Remark 1. As the previous definition reveals, the MPC method introduces two different kinds of errors. A discretization error due to the numerical approximation of the optimal control and a prediction error due to the approximated control horizon. There are many contributions which derive perfomance bounds of the MPC method in order to qunatify the impact of a limited time horizon [16] .
Optimality system As pointed out previously, we want to solve the MPC problem in a game theoretic setting. We want to search for Nash equilibria. In this setting, each agent assumes that the strategies of the other players are fixed and optimal. Thus, we get N optimization problems which need to be solved simultaneously. Hence, we have a N -dimensional Lagrangian L ∈ R N . The i-th entry L i corresponds to the i-th player and reads:
.., N are assumed to be optimal in the i-th optimization and therefore only enter as parameters in the i-th Lagrangian L i . We assume λ
The optimal control can be obtained by solving the corresponding optimality conditions. The number of optimality conditions depends on the size of the prediction horizon T p = p ∆t. Thus, for each agent one needs to solve an n = p 7 dimensional optimality system. For further details on differential games we refer to [5] .
Fully Bounded Rational Agent In the case of a fully bounded rational agent (θ = 1), which corresponds to p = 1 we can even compute the optimal control explicitly. We still have to define our objective function Ψ i that determines the agent's actions. We define the "badness" of the portfolio by
Here, the quantity K is a return estimate of the stock return over the bond return. One can expect that K depends on the current or past stock prices. If stocks are believed to be better (K > 0), then being invested in bonds (y i > 0) is bad, and vice versa. The badness is larger, the larger the estimated difference between returns K. We still need to define the precise shape of the return estimate K.
As done in many econophysical asset pricing models, we consider a chartist and a fundamental trading strategy. A trading strategy refers to an estimate of future stock return in order to evaluate the profit of the portfolio.
Fundamentalists believe in a fundamental value of the stock price denoted by s f > 0 and assume that the stock price will converge in the future to this specific value. The investor therefore estimates the future return of stocks versus the return of bonds as
Here, U γ is a value function in the sense of Kahnemann and Tversky [20] which depends on the risk tolerance γ of an investor. A typical example is U γ (x) = sgn(x)|x| γ with 0 < γ < 1 and sign function sgn. The constant ω > 0 measures the expected speed of mean reversion to the fundamental value s f . We want to point out that this stock return estimate is a rate and thus ω needs to scale with time.
Chartists assume that the future stock return is best approximated by the current or past stock return. They estimate the return rate of stocks over bonds by
The constant ρ > 0 measures the frequency of exchange rates [28] . Both estimates are aggregated into one estimate of stock return over bond return by a convex combination
This idea has been previously applied to a kinetic model of opinion formation [1] . The weight χ is determined from an instantaneous comparison as modeled in [27] . We let
where W : R → [0, 1] is a continuous function. If for example, W = 1 2 tanh + 1 2 , the investor optimistically believes in the higher estimate. Together, if K > 0, the investor believes that stocks will perform better and if K < 0 that bonds will perform better.
Thus, the optimality conditions are given bẏ
Then we apply a backward Euler discretization to the adjoint equations and get
Hence, the optimal strategy is given by
Feedback controlled model The feedback controlled model readṡ
Here, we have inserted the right-hand side of our stock equation (1) into the stock return.
Macroscopic Portfolio Model
In order to derive the macroscopic portfolio model we average the microscopic quantities and consider the limit of infinitely many agents. This limit of infinitely many particles is known in physics as mean field limit. We define the average wealth invested in stocks, respectively bonds by:
Furthermore, we assume that the limits lim N →∞
exist for all times. The only non-linearity in x i , y i is the average of investment strategies. This is nothing else than our excess demand we considered before
In the limit of infinitely many agents we obtain
Here, we have used that the quadratic terms
vanish in the limit, which can be made evidend by analyzing the order of:
Remark 2. A rigorous derivation of the macroscopic portfolio model can be performed by the use of mean field theory. We refer to [37] for details.
Macroscopic Portfolio Model Thus, the macroscopic portfolio model reads.
The macroscopic wealth variable W (t) > 0 is given by W (t) = X(t) + Y (t), X(t), Y (t) > 0 and can be regarded as the average wealth in a society or country. Hence, we have a three dimensional ODE system in which the stock price equation is an implicit ODE.
Qualitative Analysis
This section is devoted to analyze the rich dynamics of the ODE system (6) . We discuss existence and uniqueness of solution, steady states and their stability and even compute explicit solutions in special cases. i) X = 0, Y = 0, S arbitrary ii) K(S) = 0, Y = 0, D = 0, X arbitrary iii) K(S) = 0, r = 0, D = 0, X and Y arbitrary iv) K(S) > 0, Y = 0, D = 0, X arbitrary v) K(S) < 0, X = 0, r = 0, Y arbitrary
Macroscopic steady states
The case i) corresponds to the situation when all investors are bankrupt. In the cases ii) and iii), the investors expect to have no benefit of shifting the capital between both portfolios. This means that the expected return K(S) is zero, which is equivalent to
If we choose the value function U γ to be the identity, we observe
as the equilibrium stock price. One might assume that the reference point of the value function is not zero. This means that the financial agent has a fixed bias towards potential gains or losses. Mathematically, U γ (0) = 0 holds and thus the steady state would be shifted by the reference point. Hence, psychological misperceptions of investors lead to changes of the equilibrium price. The case iv) corresponds to the situation that the investor wants to shift wealth from the bond portfolio into the stock portfolio. In fact, no transaction takes place, since there is no wealth left in the bond portfolio. Thus K(S) > 0 has to hold, which means
In the simple case of the identity function as utility function, we obtain:
In this equilibrium case, the amount of transactions have been too low to push the price above a certain threshold defined by inequality (7) . The reason for the steady state is the bankruptcy in the bond portfolio. Such a situation does not reflect a usual situation in financial markets. In case v), we face the opposite situation. Here, the investor wants to shift wealth from stocks to bonds although there is no wealth left in the stock portfolio.
Simplified Model
In order to give a detailed characterizations of the complex dynamics we assume during the rest of the section that the weight W ∈ [0, 1] is constant, the exchange rate frequency is ρ ≡ 1 and that the value function U γ is given by the identity. In this setting it is possible to obtain local Lipschitz continuity directly.
Proposition 1.
With the previously stated assumptions we can ensure existence and uniqueness of a solution (at least for short times [t 0 , t 0 + ]).
In addition, we are interested in the stability of the steady state S ∞ = χ ω s f 1+r characterized in iii). From economic perspective this is the only reasonable stationary point.
Proposition 2.
In addition to the previously stated assumptions we assume that D = r = 0 holds. Then S ∞ = χ ω s f is a unique asymptotically stable steady state.
For the proof of both results we refer to the appendix. Furthermore, we state the explicit solutions of the stock price and portfolio dynamics in the appendix A. In the subsequent paragraph a qualitative discussion of the observed dynamics is given.
Booms, crashes and oscillatory solutions
We want to study whether the stock price satisfies the most prominent features of stock markets. These are crashes, booms and oscillatory solutions. Mathematically, a boom or crash is described by exponential growth or decay of the price.
• Fundamentalists merely (χ = 1) influence the price by their fundamental value s f .
The price is driven to the steady state S ∞ = ω s f ω+r exponentially. Interestingly, the convergence speed depends on the market depth κ, the interest rate r, the expected speed of mean reversion ω and the amount of wealth invested.
• Chartists merely (χ = 0) build their investment decision on the current stock return.
The price gets driven exponentially to the equilibrium stock price S ∞ = D r or away from the equilibrium stock price. This behavior is determined by the average wealth invested in stocks or bonds. In general, we observe exponential growth or decay of the stock price (e.g. D ≡ 0). Hence, the chartist behavior can create market booms or crashes. We can thus expect that an interplay of fundamental and chartist strategies leads to oscillatory behavior around the equilibrium prices.
• In our last case, we consider a mix of chartist and fundamental return expectations with a constant weight χ ∈ (0, 1). In that case, the price converges to the equilibrium price
which is a combination of the previous equilibrium prices. Thus, the weight χ heavily influences the price dynamic. Furthermore, we can expect to observe oscillatory solutions if we consider a non constant weight χ(t, S).
Wealth evolution We can analyze the wealth evolution in the same manner as previously the stock price equation. We consider each portfolio separately. The computation can be found in the appendix A, as well.
• We have exponential growth in the stock portfolio, if the wealth gets transferred from bonds to stocks. In the opposite case, the decay of wealth is described by an exponential as well.
• In the bond portfolio, we also observe an exponential increase if the wealth gets shifted into the bond portfolio. If stocks are assumed to perform substantially better (K(S) > r)), we have exponential decay in the bond portfolio.
So far we have only discussed the simplified case of a constant weight and the identity function as value function. The previous discussion indicates that a nonlinear interplay of a fundamental and chartist strategy may cause oscillatory behavior. A rigorous quantification of this behavior is left open for further research.
Simulations
We want to provide insights into the portfolio dynamics of the model. Furthermore, we intend to determine the influence of each parameter in the model. We will verify the existence of oscillatory solutions of the model. For simulations we choose the value function U γ and the weight function W as follows:
The weight function W models the instantaneous comparison of the fundamental and chartist return estimate. The constant β ∈ [0, 1] determines if the investor trusts in the higher (β = 1) or lower estimate (β = 0) and we thus call this constant the trust coefficient. The constant α > 0 simply scales the estimated returns. The value function U γ models psychological behavior of an investor towards gains and losses. In order to derive the value function, one needs to measure the attitude of an individual as a deviation from a reference point. We have chosen the reference point to be zero, since U γ (0) = 0 holds. In figure 1 we have plotted U γ andŪ γ := U γ − 1 . The value functionŪ γ is an example of a value function with a negative reference point. This choice of value function satisfies the usual assumptions: the function is concave for gains and convex for losses, which corresponds to risk aversion and risk seeking behavior of investors. Furthermore, the value function is steeper for losses than for gains, which models the psychological loss aversion of financial agents (see figure 1 ).
We have solved the moment system with a simple forward Euler discretization. The time step has been chosen sufficiently small to exclude stability problems due to stiffness. We verified the results with the ode15i Matlab solver. We have chosen a trust coefficient β = 0.25 for the simulations in figure 2 and 3. We refer to the appendix B for further settings. The oscillations of the stock price is caused by oscillations in the excess demand. The stock price is always less than or equal to the fundamental price. In addition, the oscillations get translated to the wealth evolution of the portfolios. Increasing wealth in the stock portfolio leads to decreasing wealth in the bond portfolio. Furthermore, we can observe on average a small positive slope of the wealth invested in bonds (see figure 3 ). This is caused by the positive interest rate r. In the next simulations ( figure 4) , we have altered the trust coefficient to study the impact on the price behavior. As figure 4 reveals, the trust coefficient β influences the amplitude and frequency of the oscillations. In addition, β determines the location of the oscillatory stock price evolution with respect to the fundamental value s f . A low trust coefficient leads to oscillations located below the fundamental price and a high trust coefficient to oscillations above the fundamental value. We want to point out that the price behavior is very sensitive with respect to the parameters γ, κ, ω, α and β.
Remark 3. The parameters influence the price dynamics as follows:
• A larger risk tolerance γ leads to smaller wave periods and smaller amplitudes. A high risk tolerance heavily changes the price characteristics. We could thus observe convergence of the price to the fundamental value.
• The market depth κ influences the amplitude of the oscillations. A bigger κ value leads to a larger amplitude.
• The speed of mean reversion ω, the scale parameter α and the speed of exchange rates ρ influence the wave period and amplitude. The wave period and amplitude decrease with increasing ω, ρ, respectively α.
In order to quantify the findings of the previous Remark 3 we analyze the asymptotic behavior of the stock price with respect to the parameters ρ, ω, γ. In fact we have simulated the model for 700, 000 time steps. In figures 5 and 6 we have plotted the parameter value against the stock prices of the last 200, 000 time steps. A dot corresponds to a converged stock price, whereas a line to oscillatory stock prices. Hence, figures 5 and 6 reveal that an increase in ω, ρ and γ leads to a decrease of the wave amplitude. stock price return distribution. In addition, we may note that the stock price usually follows the fundamental price, but it is also possible to obtain market regimes where the stock price is more volatile than the fundamental price. Furthermore, the figure 9 shows that a decreasing risk tolerance leads to slower chasing of the fundamental price by the stock price and a less volatile price behavior. 
Concluding Discussion
In this work we have established a macroscopic portfolio model, which can be derived from microscopic agent dynamics. On the microscopic level we have introduced an approximation framework of the optimal control problem in order to give a precise definition of rational and bounded rational agents. The model can be regarded as a model with financial agents of maximum boundedness. The qualitative discussion has led to the conjecture that an interplay of chartist and fundamental trading behavior is essential in order to obtain oscillatory, cyclic price behavior. Our simulations confirm the existence of cyclic price behavior around the fundamental value. Thus, the model offers the mean reversion characteristic. This model behavior is similar to the stock price behavior in the models [7, 9, 25] . Interestingly, the trust coefficient β determines the location of the oscillations with respect to the fundamental price. This indicates that the agent's attitude towards the currently best performing trading strategy play a major role in the price formation. In addition, the parameter studies reveal that the risk tolerance γ and the reaction strength ω, ρ of both trading rules heavily influence the wave speed and amplitude. In our case a higher risk tolerance of investors leads to less volatile prices and less pronounced booms and crashes. The reason is that an increasing risk tolerance leads to a larger impact of the fundamental trading strategy. Similar model behavior has been reported in [10] . It has been pointed out by Odean [33] that a small risk tolerance of investors causes overconfidence and this can cause higher volatility. The reason is that trader underweight rational information which are in our model given by the fundamental trading strategy. Furthermore, the simulations conducted with random fundamental prices have led to realistic price movements. Especially, we could obtain fat tails in logarithmic asset returns.
Nevertheless, we have to admit that we consider a simple model. Various extensions and generalizations are possible. One may add a behavioral component to the model such as a measure of the business climate. In addition, it seems interesting to study different cost functions and the impact on the stock price behavior. Especially a rigorous quantification of the oscillatory stock price behavior is of major interest.
This work shows that heuristic trading strategies of investors can be interpreted as approximations of investments by a rational financial agent. Although a fully bounded rational agent seems to be quite unrealistic, the mathematical connection to a perfect rational agent may help to discover new and more appropriate models of financial agents.
Proof. We set r = D = 0 and derive the explicit ODE system. Thus, for a continuous differentiable Lyapunov functional we can compute the Lie derivative. We define the Lyapunov functional as follows: ψ : R 3 → R, (x, y, S) T → −(s f − S) (x + y − (s f − s)). We immediately obtain d dt ψ((X(t), Y (t), S(t))) ≤ 0, with d dt ψ((X(t), Y (t), S(t))) S=S∞ = 0, and can conclude the asymptotic stability of S ∞ .
Proposition 3. In special cases, we can compute solutions of the stock price equation. We assume constant weights χ, a fixed frequency ρ ≡ 1 and assume that the utility function is described by the identity. Hence, the price is driven exponentially fast to the steady state S ∞ = ω s f ω+r .
• Chartists alone (χ = 0): We geṫ
The solution is given by The solution is given by Proposition 4. For the wealth evolution, we consider the stock and bond portfolio separately.
• In the stock portfolio, the wealth evolution is given bẏ X = (κ K(S) Y + D S ) X + K(S) Y, for K(S) > 0, (κ K(S) X + D S ) X + K(S) X, for K(S) < 0.
The solution is given by
for K(S) > 0, 
